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Abstract. Most of the proposed methods for obtaining the free vibration natural frequency of the 
retaining wall assume the behavior of the wall in the two-dimensional domain, and they are not 
able to express the three-dimensional behavior of these structures in a satisfying manner. 
Moreover, the effect of damping has not yet been considered in analytical study. In this paper, the 
plate theory and Galerkin method is employed to analyze the free vibration of a 
wall-reinforcement-soil system in the three dimensional domain and survey the effect of damping 
on the natural frequency of a retaining wall. So, the retaining wall is modeled as a clamped-free 
plate and the stiffness of the soil and reinforcements existing behind the wall are modeled as a set 
of springs and the damping effect of the system is modeled by a set of dampers located at the back 
of the Retaining wall and attached to it. The results of the proposed model are compared with both 
the results of the other researchers and the ones from finite element method (FEM). They are also 
compared with the results of a full-scale experiment and it shows a good agreement. The proposed 
method which uses the plate theory, also yields the free vibration natural frequencies of the wall’s 
extensional modes with an acceptable accuracy. Finally, the effect of tensile and compressive 
behaviors of the soil and the reinforcements on the fundamental frequency of a reinforced retaining 
wall is studied. 
Keywords: reinforced retaining wall, reinforcement, 3D vibration, analytical method, damping 
ratio, mode shape. 
Nomenclature 
ܣோ Reinforcement cross section (m2) 
ܤ Reinforcement length (m) 
ܦ Plate rigidity (Kg·m) 
ܧோ Reinforcement elastic modulus (MPa) 
ܧ, ܧ௖ Wall (concrete) modulus of elasticity (Pa) 
ܧ௦ Soil modulus of elasticity (Pa) 
௖݂, ௧݂ Wall’s free vibration natural frequency with and without the reinforcements (Hz) 
݂∗ Effective natural frequency 
݃ Gravitational acceleration (m2/s) 
ܪ Height of the wall (m) 
ܭ௦ Soil stiffness per unit area of the plate (N/m3) 
ܭோ Axial stiffness of reinforcements (N/m) 
ܮ Length of wall (m) 
ℎ, ݐ Wall width (m) 
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ܥ Damping (N·s/m) 
ݓ(ݔ, ݕ) Function of transverse displacement of plate (m) 
ߩ Wall density (kg/m3) 
ߩ௦ Soil density (kg/m3) 
ߥ௖ Concrete Poisson’s ratio (dimensionless) 
ߥோ Reinforcement Poisson’s ratio (dimensionless) 
ߥ௦ Soil Poisson’s ratio (dimensionless) 
߱ Natural circular frequency of wall (rad/s) 
1. Introduction 
Geosynthetic-reinforced soil retaining walls represent one of the most applicable geosynthetic 
systems used in civil engineering due to their suitable seismic behavior. Thus, great effort has 
been put into analyzing these types of reinforced walls so far Koseki et al. [1]. In the early 1990s, 
researchers invented a reinforced retaining wall named geosynthetic-reinforced soil-retaining wall 
with full-height rigid concrete facing (GRS-FHR) Tatsuka et al. [2]. Fig. 1 shows a perspective 
view of a geosynthetic-reinforced retaining wall. After the Hygo-ken Numbu earthquake, 
researchers studied the seismic behavior of the GRS-FHR walls. The Tatsuka et al. [2], Tatsuka 
et al. [3] results showed very satisfying behavior of these reinforced soil walls compared with 
walls without reinforcement while facing the earthquake; thus, these walls were developed and 
used increasingly.  
 
Fig. 1. Schematic view of GRS-FHR wall Huang and Wang [4] 
Various modeling techniques such as concentrated mass modeling was used to obtain the 
natural frequency of civil structures such as building structures and fluid storage tanks  
(Chopra [5]). However, continues mass modeling is suggested to attain more accurate results while 
modeling structures such as retaining walls. Two of the most important parameters affecting a 
distributed mass system’s behavior, such as a reinforced soil retaining wall, are soil-wall 
interaction and the interaction that exists between the reinforcements and the retaining wall, which 
have to be considered in both numerical and analytical modeling to achieve more precise results. 
There are lots of researches performed on the analytical solution of reinforced inextensible and 
extensible membrane in a half-space/full-space Shodja et al. [6], Selvadurai [7] and Ahmadi and 
Eskandari [8] and Ahmadi et al. [9]. Dynamic treatment of soil-structure interaction of an 
anchorage system have been studied by Selvadurai [10], Eskandari et al. [11] and Ahmadi and 
Eskandari [12], but considerable analytical method for modeling the interaction between 
reinforced soil and a wall and its effect on the natural frequency has not yet been proposed.  
To date, all analytical proposed methods are based on the 2D modeling of wall-soil systems, 
which completely ignores the in-depth transverse vibration modes and neglects the different 
behaviors of reinforcements and soil under tension and compression in the 3D domain. Thus, the 
results obtained from these methods are less accurate. 
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In this paper, the free vibration frequency of a reinforced soil retaining wall is analyzed in the 
3D domain by invoking the plate vibration theory. The interactions between the wall, soil and 
reinforcements are also considered using axial springs. The effect of the system’s damping is 
considered using dampers. The different behaviors of the reinforcements and soil are considered 
in this analytical procedure; therefore, the tensile behavior of the soil and compressive behavior 
of the reinforcements are excluded in this study to achieve more realistic results using the 
expression presented in Chati et al. [13]. Also, the effect of the system’s damping on the natural 
frequency of a reinforced retaining wall is considered using the Galerkin method and new 
analytical expressions for obtaining the first three damped natural frequencies of the geosynthetic 
reinforced soil walls are proposed. The main purpose of this paper is to provide a 3D analytical 
expression for estimating the free vibration frequencies of reinforced soil walls by considering the 
real behaviors of the soil and reinforcements and investigating the effect of the system’s damping 
on it. Nevertheless, the model can be extended to evaluate seismic responses during forced 
vibration analyses. 
2. Review of past studies 
Many different methods have been introduced to analyze the seismic behavior and investigate 
the free vibration natural frequency of reinforced and non-reinforced retaining walls, including 
numerical, analytical and experimental methods. Matsu and Ohara [14], Wood [15], Scott [16] 
and Wu [17] proposed an analytical expression to calculate the fundamental frequency of a wall 
based on two parameters: backfill height and backfill shear wave velocity. Matsu and Ohara [14] 
defined two boundary limits and claimed that the main procedure is located between these two 
limits. Wood [15] proposed an applicable method for calculating the fundamental frequency of 
the embedded soil between two rigid retaining walls, which essentially involved solving a 
boundary condition problem. Scott [16] calculated the fundamental frequency of a wall by 
modeling the wall as a shear beam and attaching it to a Winkler spring. Yeh [18] also considered 
the translational and rotational vibration modes by invoking a model similar to that of Scott [16] 
and used the Galerkin method to solve the partial differential equations of the wall. Rigidity of the 
wall is an important and substantial base of all the methods mentioned above, which are based on 
shear beam theory. Thus, Jain and Scott [19] inserted the wall’s flexibility into their calculations. 
Generally, most of the analytical models proposed so far are in the 2D domain. In these models, 
interaction between reinforcements and the wall is completely neglected or there is no difference 
between the tension and compression behavior of the reinforcement. 
Elgamal et al. [20] studied the 3D behavior of a wall by instrumenting the retaining wall and 
recording the responses of the soil-wall system to a wide range of exciting frequencies. They used 
the finite element method to model the wall and compared the results obtained with those of the 
experiments, which showed that walls with varying height through the length of it have resonance 
frequencies that appear in the length of the wall. Also, Elgamal et al. [20] estimated viscose modal 
damping using the half-power bandwidth method [21]. The damping ratio estimated from half-
power bandwidth method varied from 6.6 % to 15 %. They finally concluded that it is better to 
analyze the soil-wall system in the 3D domain while calculating the fundamental frequency. 
Bathurst and Hatami [22], Hatami and Bathurst [23], EL-Emam and Bathurst [24], Zarnani  
et al. [25], Ehrilch and Mirmoradi [26], Wang et al. [27], Balakrishnan and Viswanadham [28] 
and Yazdani et al. [29] used numerical modeling and experimental testing of a geosynthetic 
reinforced soil retaining wall to analyze the effect of parameters such as wall height, soil backfill 
width, reinforcement stiffness and length, internal friction angle of the backfill, damping ratio and 
toe abutment condition on the seismic behavior of the wall. However, they also showed the 
magnitude of amplification was influence by magnitude of damping ratio used in numerical 
modeling. The selection of Rayleigh damping coefficients for the soil was investigated by Ling  
et al. [30] who determined that for models with a peak acceleration of 0.4 g, a 15 % and for models 
with maximum acceleration of 0.8 g, a 5 % damping value produced the most satisfactory results.  
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The results showed that the fundamental frequency of a reinforced soil wall with wide backfill 
can be calculated with acceptable accuracy using the analytical expressions based on wall height 
and the domain shear wave velocity. They also showed that the effect of reinforcement stiffness 
and length and toe abutment condition on the fundamental frequency of the wall is negligible 
Hatami [23]. Bathurst and Hatami [31] and Hatami and Bathurst [32] studied input ground motion, 
especially the effect of the uniform vertical ground motion and rocking ground motion, on the 
dynamic behavior of a geosynthetic reinforced soil retaining wall. In the field of dynamic behavior 
of plates on elastic media, Selvadurai [33, 34] and Eskandari and Ahmadi [35] studied dynamic 
behavior of surface-stiffened elastic half space. 
Ghanbari et al. [36] proposed an analytical expression for calculating the fundamental 
frequency of a retaining wall by modeling the wall as a beam and modeling the soil as a set of 
parallel springs and by invoking the approximate Rayleigh method. Abbasi et al. [37] used the 
Rayleigh method, modeled the reinforcements as tensional springs to study the effect of the 
reinforcements on the fundamental frequency of the reinforced soil wall and proposed an 
analytical expression to calculate its fundamental frequency. 
Ramezani et al. [38] investigated the effect of the foundation on the natural frequency of rigid 
and flexible modes of GRS-FHR walls by using the Rayleigh-Ritz method. In their study, the 
effect of rocking and translational vibration on the fundamental frequency of the GRS-FHR wall 
was considered. In their study, because of the 2D analysis, in-depth transverse modes were 
neglected and the different behaviors of the soil under tension and compression were ignored. 
Darvishpour et al. [39] studied the natural frequencies of a retaining wall without 
reinforcement in 3D domain by invoking the plate theory and Rayleigh quotient. They showed 
that by using the plate theory length modes are discovered and they showed that the second and 
third modes are longitudinal modes while by beam theory the second and third modes are 
altitudinal modes and they proposed analytical formula for the first three modes of the wall. 
Numerous investigations have also been conducted to study the dynamic behavior of the 
reinforced soil-wall systems and plate vibration including: Li and Aguilar [40], Gazetas et al. [41], 
Lanzoni et al. [42], Tang and Yeh [43], Mojallal et al. [44], Chen et al. [45], Liu et al. [46] and 
Shi and Rehman [47]. 
In all studies which is done by other researchers, there is no analytical solution for estimating 
3D natural frequency of reinforced retaining wall and also there is no analytical solution for 
considering the effect of system damping on natural frequency of retaining wall. 
3. Theory and assumption  
Some assumptions are considered in this study for obtaining the first three damped natural 
frequency of reinforced retaining wall based on Galerkin method as follow: 
1) The retaining wall is assumed to be clamped-free, flexible and with a constant cross-section 
area. 
2) The backfill is granular, dry, massless and with a constant Young’s modulus throughout the 
entire layer length. Most researchers assume the backfill to be massless to simplify the problem. 
3) The backfill stiffness is modeled by using a set of axial springs in the back of the wall with 
constant stiffness. 
4) The reinforcements are modeled by using a set of linear continuous axial springs.  
5) Damping characteristic of the system is modeled by using a set of dampers positioned at the 
back of the wall with constant damping coefficient Fig. 2. 
6) The plate vibration theory is adopted to analyze the 3D behavior of the retaining wall. 
Generally, the backfill and the reinforcements are assumed to be linear; all the results obtained in 
this paper are based on this assumption.  
7) The Galerkin method is used to discretize the equation of motion and calculate the 
fundamental frequency of the retaining wall. 
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Fig. 2. Details of soil structure interaction modeling in this study 
The equation of motion of a rectangular plate is as follows Rao [48]: 
ܦ ൭ ߲
ସ
߲ݔସ ݓ(ݔ, ݕ, ݐ) + 2
߲ସ
߲ݕଶ߲ݔଶ ݓ(ݔ, ݕ, ݐ) +
߲ସ
߲ݕସ ݓ(ݔ, ݕ, ݐ)൱ +
߲ଶ
߲ݐଶ ݓ(ݔ, ݕ, ݐ) = ݂(ݔ, ݕ, ݐ), (1)
where ݓ(ݔ, ݕ, ݐ) is transverse displacement of the plate and ܦ is flexural rigidity of plate Eq. (2). 
The variational method can be adopted to directly solve Eq. (1), but it is complicated and time 
consuming. Meanwhile, the above equation can be solved using the approximate methods to 
obtain the fundamental frequency, considering the boundary conditions: 
ܦ = ܧℎ312(1 − ߥଶ). (2)
In above equation (ܧ) and (ߥ) are elastic modulus and poisson’s ratio of the wall and (ℎ) is the 
thickness of the wall. Some of the approximate methods applicable in this case are the Rayleigh 
method, Rayleigh-Ritz method, assumed mode method and Galerkin method. Because of using 
damping in this study our system would be Non-conservative and Galerkin method should be 
adopted in this case. Rao, [48]. 
In this study interaction between the wall and the soil is modeled by a set of springs and 
dampers positioned at the back of the wall connecting the wall to the ground. Thus, the terms 
associated with the damping of the system and stiffness of the soil must be added to the equation 
of motion of the plate: Eq. (3): 
ܦ ൭ ߲
ସ
߲ݔସ ݓ(ݔ, ݕ, ݐ) + 2
߲ସ
߲ݕଶ߲ݔଶ ݓ(ݔ, ݕ, ݐ) +
߲ସ
߲ݕସ ݓ(ݔ, ݕ, ݐ)൱ +
߲ଶ
߲ݐଶ ݓ(ݔ, ݕ, ݐ)
− ܥ ߲߲ݐ ݓ(ݔ, ݕ, ݐ) + ܭݓ(ݔ, ݕ, ݐ) = 0. 
(3)
In Eq. (3) ܥ and ܭ are the system damping coefficient and stiffness of the soil respectively. To 
achieve a better understanding insight of damping effect on natural frequencies of reinforced 
retaining walls and derive a better analytical expression for the first three modes natural 
frequencies of a reinforced retaining wall, dimensionless parameters are used. Thus, all the 
parameters used in this study are nondimensionalized. Parameters associated with position and 
displacement are nondimensionalized by dividing them by thickness of the wall (ℎ) and time 
parameter is nondimensionalized by multiplying it by frequency ݂ (Hz). Eqs. (4)-(7): 
തܺ = ݔℎ, (4)
തܻ = ݕℎ, (5)
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ഥܹ = ݓℎ , (6)തܶ = ݐ݂. (7)
In the above തܺ, തܻ and ഥܹ  are dimensionless coordinate and displacement parameters and തܶ is 
dimensionless time parameter. Thus, by using chain rule in derivative; other dimensionless 
parameters are as follows: 
ܦᇱ = ܦߩℎହ݂ଶ, (8)
ܥᇱ = ܥߩℎ݂, (9)
ܭௌᇱ =
ܭ
ߩℎ݂ଶ. (10)
In Eqs. (8)-(10) ܦ′, ܥ′ and ܭௌᇱ are dimensionless plate flexural rigidity, damping coefficient 
and soil stiffness respectively. There for, the plate dimensionless equation of motion is obtained 
as Eq. (11): 
ܦ′ ൭ ߲
ସ
߲ തܺସ ഥܹ ( തܺ, തܻ , തܶ) + 2
߲ସ
߲ തܻଶ߲ തܺଶ ഥܹ ( തܺ, തܻ , തܶ) +
߲ସ
߲ തܻସ ഥܹ ( തܺ, തܻ , തܶ)൱ +
߲ଶ
߲ തܶ ଶ ഥܹ ( തܺ, തܻ , തܶ)
− ܥ′ ߲߲ തܶ ഥܹ ( തܺ, തܻ , തܶ) + ܭ
ᇱௌݓഥ( തܺ, തܻ , തܶ) = 0. 
(11)
In Galerkin method, solution of the eigenvalue problem is assumed in the form of a series of 
݊ comparison functions which satisfies all the boundary condition of the problem. The shape 
function ݓ(ݔ, ݕ) , is the product of two perpendicular beam’s shape functions satisfying the 
boundary conditions of the plate Eq. (12) Leissa [49]: 
ݓ(ݔ, ݕ) = ߠ(ݔ)ߠ(ݕ), (12)
where, ߠ(ݔ)  is the shape function of the beam in ݔ  direction and ߠ(ݕ)  is the beam’s shape 
function in ݕ  direction. Since the plate is assumed to be cantilever, one beam has to be 
clamped-free and the other has to be free-free to model the behavior of the plate. The shape 
functions for clamped-free and free-free beams are shown in the following respectively. 
The shape function of a clamped-free beam is as Eq. (13) Rao [48]: 
ߠ(ݔ) = ൭cos ቀߛݔܪ ቁ − cosh ቀ
ߛݔ
ܪ ቁ + ൬
sinߛ − sinhߛ
cosߛ − coshߛ൰ ቆsin ቀ
ߛݔ
ܪ ቁ − sinh ቀ
ߛݔ
ܪ ቁቇ൱,     
݉ = 1,2,3, …. 
(13)
And for obtaining ߛ following equation must be solved Rao [48]: 
cosߛcoshߛ = −1. (14)
For the free-free beam the following relations are used Leissa [49]: 
ߠ(ݕ) = 1,    ݉ = 0, (15)
ߠ(ݕ) = 1 − 2ݕܮ ,   ݉ = 1, (16)
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ߠ(ݕ) =
ቆcosh(݇௠)cos ൬݇௠ݕܮ ൰ + cos(݇௠)cosh ൬
݇௠ݕܮ ൰ቇ
ට൫cosh(݇௠)൯ଶ + ൫cos(݇௠)൯ଶ
,    ݉ = 1, (17)
where ݇௠ = 3.365, and: 
ߠ(ݕ) = cos ቆߛᇱ ൬ݕܮ −
1
2൰ቇ −
sin ቀ12 ߛᇱቁ
sinh ቀ12 ߛᇱቁ
ቆcosh ቆߛᇱ ൬ݕܮ −
1
2൰ቇቇ ,    ݉ = 2,4,6, …. (18)
For obtaining ߛ′ Eq. (19) must be solved. Leissa [4]: 
tan ൬12 ߛ
ᇱ൰ + tanh ൬12 ߛ
ᇱ൰ = 0. (19)
And also: 
ߠ(ݕ) = sin ቆߛᇱᇱ ൬ݕܮ −
1
2൰ቇ +
sin 12 ߛᇱᇱ
sinh 12 ߛᇱᇱ
ቆsinh ቆߛᇱᇱ ൬ݕܮ −
1
2൰ቇቇ ,    ݉ = 3,5,7, …, (20)
where ߛ′′ is calculated as follows Leissa [49]: 
tan ൬12 ߛ
ᇱᇱ൰ − tanh ൬12 ߛ
ᇱᇱ൰ = 0. (21)
݉ is the number of nodal lines in the vibrating plate which depicts the nodes’ positions in the 
plate of vibration Rao [48]. The shape function ݓ(ݔ, ݕ), which is used for the first mode is as  
Eq. (22): 
ݓ(ݔ, ݕ) = ቆcos ቀߛݔܪ ቁ − cosh ቀ
ߛݔ
ܪ ቁ + ൬
sinߛ − sinhߛ
cosߛ − coshߛ൰ ቆsin ቀ
ߛݔ
ܪ ቁ − sinh ቀ
ߛݔ
ܪ ቁቇ ቇ (1) (22)
In the following the differential equation of motion is discretized by using the Galerkin method 
and is presented in Eq. (26): 
ݓ(ݔ, ݕ, ݐ) 
     = ݓ(ݐ) ቈቆcos ቀߛݔܪ ቁ − cosh ቀ
ߛݔ
ܪ ቁ + ൬
sinߛ − sinhߛ
cosߛ − coshߛ൰ ቆsin ቀ
ߛݔ
ܪ ቁ − sinh ቀ
ߛݔ
ܪ ቁቇ ቇ (1)቉. 
(23)
By substituting Eq. (23) into Eq. (11) and multiplying it by Eq. (22) and integrating in both 
the ݔ and ݕ directions and using Orthogonality relation of the shape functions, the equation of 
motion is obtained as follows Eq. (24): 
൭ ݀
ଶ
݀ തܶ ଶ ഥܹ ( തܶ)൱ ܪ′ܮ′ −  ܥ′ ൭
݀
݀ തܶ ഥܹ ( തܶ)൱ ܪ′ܮ′ + 13
ܦᇱܮᇱ
ܪᇱଷ ൫ ഥܹ ( തܶ)൯ + ܭ௦
ᇱ ഥܹ ( തܶ)ܪ′ܮ′ = 0. (24)
Now by considering Eq. (25) and substituting it into Eq. (24) and multiplying it by Eq. (26) 
and solving the obtained equation, the analytical expression for the first mode dimensionless 
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damped natural frequency of the wall considering the soil-wall interaction is obtained as follows 
Eq. (27): 
ܹ(ݐ) = ݁௪௧, (25)
݁ି௪௧, (26)
ଵ݂ =
0.5ܥ′ܪ′ଶ + ඥ0.25 ܥ′ଶܪ′ସ − ܭ௦ᇱܪ′ସ − 12.27ܦ′
2. ߨܪ′ଶ , (27)
where ܪ′ is dimensionless wall height. Using the same procedure as for the second and third 
modes, the analytical expressions of damped natural frequency of a retaining wall considering the 
soil-wall interaction for the second and third modes are derived and expressed in Eqs (30) and 
(31). Transverse displacements of the plate in the second and third modes are assumed to be as 
expressed in Eqs. (28) and (29) respectively: 
ݓ(ݔ, ݕ) =
ۖە
۔
ۖۓቆcosh(݇௠)cos ൬݇௠ݕܮ ൰ + cos(݇௠)cosh ൬
݇௠ݕܮ ൰ቇ
ට൫cosh(݇௠)൯ଶ + ൫cos(݇௠)൯ଶ ۙۖ
ۘ
ۖۗ 
      ∙ ቐቌcos ൬ߚݔܪ ൰ − cosh ൬
ߚݔ
ܪ ൰ −
sin(ߚ) + sinh(ߚ)
cos(ߚ) + cosh(ߚ) ൭sin ൬
ߚݔ
ܪ ൰ − sinh ൬
ߚݔ
ܪ ൰൱ቍቑ, 
(28)
ݓ(ݔ, ݕ) = ቌcos ൬ߚ ݔܪ ൰ − cosh ൬
ߚ ݔ
ܪ ൰ −
sin(ߚ) + sinh(ߚ)
cos(ߚ) + cosh(ߚ) ൭sin ൬
ߚ ݔ
ܪ ൰ − sinh ൬
ߚ ݔ
ܪ ൰൱ቍ 
      ∙ ൮cos ቆߛ ൬ݕܮ −
1
2൰ቇ −
sin ቀߛ2ቁ
sinh ቀߛ2ቁ
cosh ቆߛ ൬ݕܮ −
1
2൰ቇ൲, 
(29)
ଶ݂ =
0.5ܥ′ܪ′ଶܮ′ଶ + ඨ0.25ܥᇱଶܪᇱସܮᇱସ − ܭ௦ᇱ ܪᇱସܮᇱସ − 31.3 ܦᇱܪᇱସ−42.23 ܦ′ ܮ′ଶܪ′ଶ − 11.71 ܦ′ܮ′ସ
2ߨܪ′ଶܮ′ଶ , 
(30)
ଷ݂ =
0.5ܥ′ܪ′ଶܮ′ଶ + ඨ 0.25 ܥᇱଶܪᇱସܮᇱସ − ܭ௦ᇱ ܪᇱସܮᇱସ−500 ܦ′ܪ′ସ − 168.9ܦ′ ܪ′ଶܮ′ଶ − 11.7 ܦ′ܮ′ସ
2ߨܪ′ଶܮ′ଶ , 
(31)
The main purpose of this study is to investigate the effect of damping on the 3D natural 
frequencies of reinforced retaining walls. Therefore, the effect of the reinforcements must be 
added to the wall’s equation of motion. Eq. (32). To invoke the effect of the reinforcements, their 
stiffness equation must be integrated separately in the ݔ  and ݕ  directions, because the 
reinforcements are assumed as linear springs in the y direction Fig. 1: 
ܦ′ ൭ ߲
ସ
߲ തܺସ ഥܹ ( തܺ, തܻ , തܶ) + 2
߲ସ
߲ തܻଶ߲ തܺଶ ഥܹ ( തܺ, തܻ , തܶ) +
߲ସ
߲ തܻସ ഥܹ ( തܺ, തܻ , തܶ)൱ +
߲ଶ
߲ തܶ ଶ ഥܹ ( തܺ, തܻ , തܶ)
     −ܥ′ ߲߲ തܶ ഥܹ ( തܺ, തܻ , തܶ) + ܭௌ
ᇱ ഥܹ ( തܺ, തܻ , തܶ) + ܭோᇱ ഥܹ ( തܺ, തܻ , തܶ) = 0,
 (32)
where ܭோᇱ  is dimensionless reinforcement’s stiffness. The similar procedure is for the last section. 
Again, by using Galerkin method and orthogonality relation and solving the reinforced wall’s 
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equation of motion, the first, second and third mode natural frequencies are obtained respectively 
as follows Eqs. (33)-(35): 
ଵ݂ =
0.5 ܥ′ ܪ′ଶ + ඥ0.25 ܥ′ଶܪ′ସ − ܭௌᇱ ܪ′ସ − 0.006 ܭோᇱ  ܪ′ସ − 12.23 ܦ′
2ߨܪ′ଶ , (33)
ଶ݂ =
0.5ܥ′ ܪ′ଶܮ′ଶඨ 0.25 ܥᇱ
ଶܪᇱସܮᇱସ − ܭௌᇱܪᇱସܮᇱସ − 0.0045ܭோᇱ  ܪᇱସܮᇱସ
−127.52 ܦ′ܪ′ସ − 61.44 ܦ′ ܪ′ଶܮ′ଶ − 12.15ܦ′ ܮ′ସ
2ߨܪ′ଶܮ′ଶ , 
(34)
ଷ݂ =
0.5ܥ′ ܪ′ଶܮ′ଶ + ඨ0.25ܥᇱ
ଶܪᇱସܮᇱସ − ܭௌᇱ ܪᇱସܮᇱସ − 0.004 ܪᇱସܭோᇱ  ܮᇱସ
−501.28 ܦ′ܪ′ସ − 178.2ܦ′ܪ′ଶܮ′ଶ − 12.4ܦ′ܮ′ସ
2ߨܪ′ଶܮ′ଶ , 
(35)
Another purpose of this study is to distinguish between tensile and compressive behaviors of 
the soil and the reinforcements. Thus, the expression developed by Chati et al. [13] is used  
Eq. (36): 
݂∗ = 2 ௖݂ ௧݂
௖݂ + ௧݂, (36)
where ௧݂ and ௖݂ are assumed to be natural frequencies of the reinforced retaining wall when the 
reinforcements are under tension and compression respectively. In other words, when the 
reinforcements are under tension, their effects are considered and when they are under 
compression their effects are ignored. Moreover, when the soil is under tension its effect is ignored 
and when it is under compression its effect is considered in the equation of motion. Fig. 3 shows 
the first three mode shapes of the wall to provide a more convenient understanding insight into 
the procedure. 
 
a) First mode 
 
b) Second mode 
 
c) Third mode 
Fig. 3. The first three mode shapes of the wall 
In the first mode, as shown in Fig. 3, in each half cycle of the vibration, the reinforcements 
and soil are under tension and in the remaining half cycle both of them are under compression. 
Therefor in the first half cycle, only the effect of the reinforcements and in the second half cycle, 
just the effect of the soil is considered in wall’s equation of motion. The reinforcements in this 
study are assumed to be positioned at the back of the wall at certain heights which are:  
(ܪ/4, ܪ/2, 3ܪ/4 and ܪ), where ܪ is wall’s height. 
To consider the effect of the reinforcements at the back of the wall, reinforcement’s term must 
be integrated in both the x and y directions and then, be added to wall’s equation of motion: 
൭ ݀
ଶ
݀ തܶ ଶ ഥܹ ( തܶ)൱ + ܥ′ ൭
݀
݀ തܶ ഥܹ ( തܶ)൱ + 12.13 
ܦᇱ
ܪᇱସ ഥܹ ( തܶ) + 0.006ܭோభ
ᇱ ഥܹ ( തܶ) = 0. (37)
By solving the above equation, using the mentioned method, the damped natural frequency of 
a reinforced retaining wall considering the soil-wall-reinforcement interactions is obtained as 
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follows Eq. (41): 
௧݂ =
0.5ܥ′ܪ′ଶ + ඥ0.25ܥ′ଶܪ′ସ − 0.006ܭோᇱ ܪ′ସ − 12.24ܦ′
2ߨܪ′ଶ . (38)
By substituting Eqs. (38) and (27) into Eq. (36), effective damped natural frequency of a 
reinforced retaining wall, considering differences between compression and tension in soil’s and 
reinforcement’s behaviors is derived. 
By using the same procedure for the second and third modes, effective damped natural 
frequencies of a reinforced retaining wall for the second and third modes are derived. Thus, 
according to Figs. 3 and 4 for the second mode, it is shown that, in each half cycle of the vibration, 
half of the soil along the length of the wall is under compression and the remaining portion is 
under tension; meanwhile, when half of the soil is under compression, the same half of the 
reinforcements are under tension and vice versa. 
To implement the aforementioned procedure throughout the Galerkin method, while 
integrating wall’s equation of motion, the effect of the reinforcements and soil must be integrated 
separately in half of the length of the wall for each half cycle. For example, in the first half cycle, 
the reinforcements’ effect is integrated from 0 to 0.5ܮ and the effect of the soil is integrated from 
0.5ܮ to ܮ and for the second half cycle the remaining regions are used as integration domains. By 
substituting Eqs. (39) and (40) into Eq. (36), damped natural frequency of a reinforced retaining 
wall corresponding to the second mode is derived: 
௧݂ =
0.5ܥ′ܪ′ଶܮ′ଶ + ඨ0.25ܥᇱ
ଶܪᇱସܮᇱସ − 0.19ܭௌᇱܪᇱସܮᇱସ − 0.004 ܭோᇱ ܪᇱସܮᇱସ
−129 ܦ′ܪ′ସ − 61.9 ܦ′ܪ′ଶܮ′ଶ − 12.3ܦ′ܮ′ସ
2ߨܪ′ଶܮ′ଶ , 
(39)
௖݂ =
0.5ܥ′ܪ′ଶܮ′ଶ + ඨ0.25ܥᇱ
ଶܪᇱସܮᇱସ − 0.19ܭௌᇱܪᇱସܮᇱସ − 0.004ܭோᇱ ܪᇱସܮᇱସ
−129ܦ′ܪ′ସ − 61.9ܦ′ܪ′ଶܮ′ଶ − 12.3ܦ′ ܮ′ସ
2ߨܪ′ଶܮ′ଶ . 
(40)
 
Fig. 4. First mode shape function of free-free beam Rao [48] 
For the third mode, as shown in Figs. 3 and 5, in the first half cycle, the soil is under tension 
from 0.224ܮ to 0.776ܮ and is under compression from 0 to 0.224ܮ and 0.776ܮ to ܮ, while, the 
reinforcements are under compression in 0.224ܮ  to 0.776ܮ  and are under tension from 0 to  
0.224ܮ and 0.776ܮ to ܮ. In the second half cycle the compressive and tensile regions illustrated 
earlier change to tensile and compressive regions respectively for both the soil and reinforcements. 
By using the procedure similar to the second mode, ௧݂ and ௖݂ for the third mode is obtained as  
Eqs. (41) and (42) and by substituting these equations into Eq. (36), the third mode damped natural 
frequency of a reinforced retaining wall considering the soil-wall-reinforcement interactions is 
obtained: 
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௧݂ =
0.5ܥ′ܪ′ଶܮ′ଶ + ඨ0.25ܥᇱ
ଶܪᇱସܮᇱସ − 0.57ܭௌᇱܪᇱସܮᇱସ − 0.002ܭோᇱ ܪᇱସܮᇱସ
−492.1ܦ′ܪ′ସ − 174.15 ܦ′ܪ′ଶܮ′ଶ − 12.15ܦ′ܮ′ସ
2ߨܪ′ଶܮ′ଶ , 
(41)
௖݂ =
0.5ܥ′ܪ′ଶܮ′ଶ + ඨ0.25ܥᇱ
ଶܪᇱସܮᇱସ − 0.41ܭௌᇱܪᇱସܮᇱସ − 0.0026ܭோᇱ ܪᇱସܮᇱସ
−492.75ܦܪ′ସ − 174.38ܦܪ′ଶܮ′ଶ − 12.15ܦܮ′ସ
2ߨܪ′ଶܮ′ଶ . 
(42)
 
Fig. 5. Second mode shape function of free-free beam Rao [48] 
4. Simulation results  
In this section, the obtained results from the proposed method and analytical equations are 
investigated. In Table 2 the comparison between two conditions which are proposed in this study 
is shown. The first condition is related to the case in which there is no difference between 
compressive and tensile behaviors of the soil and reinforcements, while the second condition is 
related to the case in which the difference between compressive and tensile behaviors of the soil 
and reinforcements is considered. As presented in Table 2, considering the different behaviors for 
the soil and reinforcements has a significant effect on the natural frequency of the reinforced 
retaining wall. In this section, the length of the wall is 20 m, the thickness of the wall is 0.5 m, the 
elastic modulus of the soil and reinforcements are 60 and 3000 MPa respectively. The parameters 
which are mentioned in Table 1 are constant in all of the calculations performed here in this study. 
Barden’s relation i.e. Eq. (43) is used in this study to calculate the stiffness of the springs at the 
back of the wall Barden [50]: 
݇௦ =
0.65ܧ௦
ℎ(1 − ߥ௦ଶ), (43)
where ܧ௦, ߥ௦ and ℎ are soil elastic modulus, Poisson’s ratio and thickness of the wall. 
Table 1. Some of the constant parameters used in this article 
Wall Reinforcement Soil 
ܧ௖ = 2.35e10 (MPa) ߥܴ = 0.2 ߥݏ = 0.3 
ߥܿ = 0.17 (MPa) ܣܴ = 0.1 (m2)  
The effect of reinforcement on natural frequency of retaining wall is presented in Table 3. As 
demonstrated, the effect of the reinforcement in the first mode is more than that of the second 
mode, and the reinforcement’s effect in the second mode is more than that of the third mode as 
well. The array of the reinforcements is shown in Fig. 6. As the number of the reinforcements 
increases along the height of the wall, their effects on the natural frequency of the reinforced 
retaining wall increases. In this section length of the wall is 20 m, thickness of the wall is 0.5 m 
and elastic modulus of the soil and reinforcement are 60 and 4500 MPa respectively. 
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Table 2. The effect of different tensile and compressive behaviors  
of the soil and reinforcements on the natural frequency of reinforced retaining wall 
 No difference between compressive and tensile behaviors  Dimensionless undamped frequency  Dimensionless damped frequency  
No damping ܥ′ = 8.33 ܥ′ = 10.42 ܥ′ = 12.5 
ܪ ܪ′ First mode Second mode Third mode First mode Second mode Third mode 
4 8 9.30 9.36 9.60 9.20 9.21 9.39 
6 12 8.78 8.80 8.92 8.67 8.64 8.70 
8 16 8.66 8.67 8.75 8.55 8.51 8.52 
 Different compressive and tensile behaviors Dimensionless undamped frequency  Dimensionless damped frequency  
No damping ܥ′ = 8.33 ܥ′ = 10.42 ܥ′ = 12.5 
ܪ ܪ′ First mode Second mode Third mode First mode Second mode Third mode 
4 8 5.31 5.32 7.35 5.05 5.06 7.07 
6 12 3.45 4.26 6.47 2.83 3.92 6.16 
8 16 2.72 3.99 6.25 2.16 3.63 5.92 
Table 3. Effect of the reinforcements on natural frequency of reinforced retaining walls 
  
Without reinforcements 
Dimensionless undamped frequency  Dimensionless damped frequency 
No damping ܥ′ = 8.33 ܥ′ = 10.42 ܥ′ = 12.5 
ܪ ܪ′ First mode Second mode Third mode First mode Second mode Third mode 
4 8 4.72 5.08 7.25 4.38 4.80 6.97 
6 12 2.43 4.07 6.39 0.94 3.71 6.07 
8 16 1.46 3.85 6.19 0.71 3.47 5.86 
 By reinforcements Dimensionless undamped frequency  Dimensionless damped frequency 
No damping ܥ′ = 8.33 ܥ′ = 10.42 ܥ′ = 12.5 
ܪ ܪ′ First mode Second mode Third mode First mode Second mode Third mode 
4 8 5.40 5.42 7.40 5.13 5.16 7.13 
6 12 3.80 4.35 6.51 3.30 4.02 6.22 
8 16 3.10 4.07 6.28 2.33 3.71 6.01 
 
Fig. 6. The array of reinforcement 
It appears from Fig. 7 that length to height ratio has significant effect on natural frequency of 
the wall especially on second and third mode. One of the most important characteristics of 3D 
analysis is considering the activated mode in the length of the wall which is not considered in 2D 
analysis. As shown, by increasing the length of the wall, it becomes more flexible and natural 
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frequency decreases. As shown in Fig. 7, when the length to height ratio gets higher than 5, 
increasing the length of the wall has a slight effect on the second and third mode natural frequency 
of reinforced retaining walls. In this section, the first mode is not considered because the length 
of the wall has no effect on natural frequency of a reinforced retaining wall. Elastic modulus of 
the soil and reinforcement are 30 and 3000 MPa respectively, height of the wall is 4 m and 
thickness of the wall is 0.5 m. 
 
Fig. 7. Length to height ratio versus dimensionless frequency 
As evident from Fig. 8, dimensionless frequency of reinforced retaining wall is highly affected 
by the soil stiffness to wall rigidity ratio (that is known as stiffness ratio in this article). By 
increasing the stiffness ratio, natural frequency of the reinforced retaining wall is also increased. 
Since the second and third modes are activated along the length of the wall, increasing the stiffness 
of the soil, affects the third and second modes more than the first mode. In this section, the length 
of the wall is 10 m, height of the wall is 6 m, thickness of the wall is 0.5 m and elastic modulus of 
the reinforcement is 3000 MPa. 
 
Fig. 8. Effect of the stiffness ratio on natural frequency of the reinforced retaining wall 
The effect of the reinforcement’s stiffness to wall rigidity ratio on the natural frequency of the 
reinforced retaining wall is depicted in Fig. 9. In general, by increasing the stiffness of the 
reinforcement versus wall rigidity, natural frequency of the retaining wall is increased. As shown 
in Fig. 9, the effect of increasing the reinforcement stiffness on higher modes, such as the third 
mode, is less than that is on the lower modes. In this section, the wall is 6 meters high, 10 meters 
long, 0.5 meter thick and has elastic modulus of 30 MPa. 
Table 4 presents the effect of damping coefficient on dimensionless damped natural frequency 
of the reinforced retaining wall. According to the results obtained, increasing the damping 
coefficient, causes the damped natural frequency of the retaining wall to reduce. In each mode 
when the damping coefficient gets a value more than a specified magnitude (i.e. critical damping 
coefficient) the whole system becomes over damped and the damped natural frequency becomes 
zero. The results showed that critical damping value has an order as the mode number increases. 
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Critical damping for each mode is related to physical characteristic of model especially stiffness. 
In this section length of the wall is 10 m, height of the wall is 6, thickness of the wall is 0.5 m, 
elastic modulus of the soil is 60 MPa and elastic modulus of the reinforcement is 3000 MPa. 
 
Fig. 9. Effect of reinforcement stiffness to the wall rigidity ratio  
on natural frequency of the reinforced retaining wall 
Table 4. Effect of damping on damped natural frequency of reinforced retaining wall 
ܥ′ 
(Dimensionless damping) 
Dimensionless natural frequency 
First mode Second mode Third mode 
0 3.44 4.84 7.74 
4.17 3.31 4.8 7.71 
8.33 2.83 4.65 7.58 
12.50 1.51 4.41 7.48 
16.67 0 4.05 7.28 
20.83 0 3.52 6.99 
25.00 0 2.75 6.63 
29.17 0 1.36 6.18 
33.33 0 0 6.61 
37.5 0 0 4.88 
41.67 0 0 3.86 
45.83 0 0 1.86 
50.00 0 0 0 
5. Comparison of the results with those of the other researchers and finite element method 
(FEM) 
In this section, the obtained results are compared with those of finite element method to verify 
the proposed method. Thus, Abaqus software is used to model the retaining wall, reinforcements 
and soil. Solid section is used for modeling the wall while spring and damper elements are used 
to model the reinforcements, soil and system damping. The obtained results are compared with 
finite element method in Table 5. 
In this section, the wall is 20 meters long, 0.5 meter thick while the elastic modulus of the soil 
and the reinforcements are 60 and 3000 MPa respectively. 
In the following, the results obtained using the proposed method and the results from the full 
scaled experiment performed by Elgamal et al. [20] are compared to verify the proposed method. 
Elgamal et al. [20] studied the forced vibration of a wall with varying height experimentally to 
investigate the frequencies of a retaining wall in the 3D domain. Finally, by using the finite 
element modeling, they studied the behavior of a wall with fixed and varying height. The obtained 
frequencies are presented in Table 6 considering a wall 9 meters high, 0.4 meter thick and 
45 meters long. The backfill had a thickness of 36.6 meters, Poisson’s ratio of 0.48 and elastic 
coefficient of 30. The wall has a Poisson’s ratio of 0.15, elastic modulus of 19 GPa and density of 
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2300 kg/m3 similar to Elgamal et al. (1996). Considering the fact that the results of Elgamal  
et al. [20] were presented for the first two modes which were activated along the height of the wall, 
thus in the proposed method the second mode shape function acting in the height of the wall is 
used. 
The damping coefficient is assumed to be 5 % here in this study as it was in  
Elagamal et al. [20]. 
Table 5. Comparison of the obtained results with those of finite element 
First mode 
ܪ′  (Proposed method)  (FEM) Relative error (%) ܥ′ 
8 26.12 25.97 2.33 0 
8 25.26 24.31 3.76 8.33 
12 17.22 16.93 1.68 0 
12 14.14 13.069 7.57 8.33 
16 13.57 13.46 0.81 0 
16 8.33 7 15.97 8.33 
Second mode 
ܪ′ (Proposed method) (FEM) Relative error (%) ܥ′ 
8 26.34 33.09 –25.63 0 
8 25.42 31.56 –28.24 10.42 
12 21.27 19.46 8.51 0 
12 18.81 17.22 8.45 10.42 
16 19.96 16.11 19.29 0 
16 17.32 13.45 22.34 10.42 
Third mode 
ܪ′ (Proposed method) (FEM) Relative error (%) ܥ′ 
8 36.78 43.28 –17.67 0 
8 35.38 41.8 –18.15 12.5 
12 32.36 36.61 –13.13 0 
12 30.78 34.91 –13.42 12.5 
16 31.24 28.85 7.65 0 
16 29.6 26.81 9.43 12.2 
Table 6. Comparison of the results of the proposed method with field data obtained by Elgamal et al. [20] 
Mode number Damped natural frequency Damping ratio Elgamal et al. [11] Proposed method 
1 6.3 4.4 5 % 
2 17.5 15.3 5 % 
Ali Ghanbari was Geotechnical consultant. The Free vibration of reinforced retaining wall and 
dynamic analyses of reinforced retaining wall and the soil-structure modeling theory was under 
his supervision. Seyyed Ali Asghar Hosseini was mechanical consultant in plate vibration theory, 
dynamic behavior of plates in transverse vibration and modal analysis of plates. Masoud Nekooei 
was consultant in dynamic structural analysis and approximate analytical approach certainly in 
using Galerkin method in plate vibration theory. Tyebbeh Darvishpour implemented finite 
element modeling. 
6. Conclusions 
This paper aimed to obtain an accurate formulation to estimate the effect of damping on the 
first three damped natural frequencies of flexible retaining walls having fixed cross section based 
on the theory of plates on an visco-elastic foundation by invoking the Galerkin method in the 3D 
domain. The tensile and compressive behaviors of the backfill and reinforcements were also 
separated from each other in an analytical expression and the results were compared with those of 
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having backfill and reinforcements behaving completely under tension and compression. 
Major findings from this study can be summarized as follows: 
1) In contrast to previous studies, the fundamental damped natural frequencies of the active 
modes existing in length of the wall are investigated using the three-dimensional modeling. Finally, 
new analytical expressions for calculating the first three fundamental damped natural frequencies 
of the retaining wall are presented. The expressions are obtained in three dimensions for different 
length to height ratios.  
2) The main purpose of this paper is to inspect the effect of damping on natural frequency of 
a reinforced retaining wall and also rectify the weaknesses of the two dimensional analysis carried 
out for obtaining the free vibration frequency of a retaining wall as well. Specially the modes 
which appear along the length of the wall. These modes affect the dynamic behavior considerably 
and in this paper these modes are analyzed more precisely using an analytical and simplified 
expressions, presented in this study, considering the interactions between the wall and backfill and 
reinforcements.  
3) In this paper, a stiffness ratio parameter is also defined and it is shown that increasing this 
ratio causes the soil-wall system to become stiffer and increases the frequency. As we know the 
earthquake is low frequency and by using the stiffer wall and soil (stiffness ratio) we can remove 
the natural frequency of the wall from earthquake frequency. 
4) According to these findings of the study, the length to height ratio has a significant effect 
on natural frequency until length to height ratio of 5, but for the length to height ratio more than 
5, increasing the length of the wall has a slight effect on natural frequency of the second and third 
mode of the wall. 
5) Comparing the results of the proposed method with the results presented by other 
researchers, specially, Elgamal et al. (1996), which was obtained using experimental and 
numerical modeling, showed that the proposed method has an acceptable accuracy especially due 
to the consideration of different tensile and compressive behaviors of the reinforcements and soil 
respectively.  
6) Separating the tensile and compressive behaviors of the soil and reinforcements can 
considerably affect the fundamental frequency of the wall. As the results showed, increasing the 
height of the wall increases the effect of separating the tensile and compressive behaviors of the 
backfill and reinforcements on fundamental frequency of the wall up to 65 %. 
7) It should be noted that none of the previous studies have analyzed the wall free vibration in 
three dimensions neither analytically nor numerically. According to this fact the longitudinal 
vibration modes were ignored in previous studies while they are considered and investigated here 
in this paper. According to these finding engineers must use length mode instead height modes in 
second and third mode for analyzing and designing the wall. 
8) In this study, according to the obtained results, increasing the damping coefficient to a value 
more than a certain amount (i.e. critical damping coefficient), which is relative to the stiffness of 
the system, causes the system to become over-damped. The proposed method can show that 
procedure very well. In new construction techniques engineers can use damper element for 
increasing the damping until frequency become below the earthquake frequency to escaping from 
the earthquake danger. 
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